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19.6.14

Proof. deg(x*> +1)> =4,degx> =2,4>2+2.

Zeroes are =+i, only i is on the upper half plane. However, it is not a simple pole, so we cannot use

our favorite formula 5,(()2)’5 evaluation. Instead, we multiply (x — i)? to f (x) = ﬁ, get g(x) := ﬁ
, 2 )2 —x2-2(x+i i . . .
gx) = x(x+’2x+f)4 ) (x2+”l.‘)3, so evaluate at i we get Res(f(z),i) = g(i) = 5. Therefore f Tl)de =
. N .1
2niRes(f(2),1) = 2ni- 57 = 7. O
19.6.25

Proof. The integrand c0s3X_is an even function, so fo COS3X Jy = 1PV f - COS3X Jx = 1Re'(PV f o dx).

( 2 1)2 2+1)2 ( 2+])2 2+1)2

Let f(z) := 2+1)2’ deg(z +1)72 =4, degl = 0,4 > 0+ 1, so the condition on the degree is satisfied. The

zeroes of (z2 + 1)? are +i, only i is on the upper half plane. So the theorem says

f = dx = 2niRes(f(z)e*>, i)

i is a pole of order 2 for f (z)e°%, so we need to multiply (z — i)? toit. Let g(z) := (z — i)* - f(2)e>Z. Then

3iz 3ie3 232 3iz-5 8)e : -3
g(2) = (;—1)2 gz = =~ ‘Z(“(’Z)H)i i) ¢ ’(Zw.gf . Evaluate it at z = i, we get * (2))3 , simplify to get —%.

That is the residue of f(z)e>= at i.

SoP.V. f_ (x2+1)2 —&_dx = 2niRes(f(2)e’%, i) = 27ri'(—ﬁ) = —2me~>. Take real part we get P.V. f_ (i‘z’ﬁg‘zd
—27e™3, then take one half of it we get fo ;‘2)131))“261 = 1P.V. f_ - ;’ﬁ’)‘zd —me3. |
19.6.30

: xsinx : : 0 xsinx _ 1 ©0 xsinx _
Proof. The integrand TG 1s an even function, so fo mdx = 3PV. f_ o (ZAD)02T 4)dx =

%Im(PV Loo md)() Let f(Z) = m, deg(22 + 1)(22 + 4) = 4, degz = 1, 4 >1+ 1, so
the condition on the degree is satisfied. The zeroes of (2% + 1)(z* + 4) are +i, +2i, among which i, 2i are on

the upper half plane. So the Theorem says

PV. Iw mwc = 2mi(Res(f(2)e”, i) + Res(f(2)e’%, 2i))

el _ !

(x4+5x2+4)/ |x P 4B310i 12
e

i is also a simple pole of f(z)e”, so Res(f(z)e”, 2i) = 2ie? e?
1

i is a simple pole of f(z)e, so Res(f(z)e%, i) =

(x4+5x2+4)’ v=2i = 3311021 = 6 -
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el -
Therefore P.V. f md = 2mi- (55 —% ) 22 1 Take i imaginary part we get P.V. f m
e 12072 xe _ 1 _ 120
¢ —, then take one half of it we get fo md sP.V. foo (x2+1)(x2+4)d 5 O
19.6.31

Proof. P.V. f_ 0; Si%dx = Im(P.V. f_ O; %xdx). Let f(x) := % Degree of the denominator is 1, of the numerator
is 0,and 1 > 0 + 1, so the condition on the degree is satisfied. The only pole is x = 0 on the real axis, and is

a simple pole. So the residue is £ Ix o = 1, so by the formula

00 ix
PV. f ¢ dx = mi(Res(f()e",0)) = mi - 1 = i
_ X

(%)

SoRVf_O;Si%‘dx:n. O

19.6.32

Proof. PV. [ 88sdx = Im(PV. [ =5,

x(x2+1)

—5—dx). Let f(x) := Degree of the denominator is 3, of

+1) x(x2+l)

the numerator is 0, and 3 > 0 + 1, so the condition on the degree is satisfied.

The pole on real axis is x = 0, it is a simple pole, so Res(f(z)e’Z 0) = lx=0 = 1.

zx ~1
The pole on upper half plane is x = i, it is also a simple pole, so Res(f(z)e’Z )= W' - =—5.

So by the formula P.V. foo x(x2+1)dx = 2riRes(f(z)e”%, i) + miRes(f(z)e,0) = 2ni - —7) +mi-1 =
(1 —e™Di. So PV. [T Stadx = Im(PV. [ ogsdx) = (1 —e™Dn O

x(x2+1)

dx



